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Abstract 

In this paper, we prove than given two cubic knots Ki, K2 in M'^, 
they are isotopic if and only if one can pass from one to the other 
by a finite sequence of cubulated moves. These moves are analogous 
to the Reidemeister moves for classical tame knots. We use the fact 
that a cubic knot is determined by a cyclic permutation of contiguous 
vertices of the Z'^-lattice (with some restrictions), to describe some of 
the classic invariants and properties of the knots in terms of such cyclic 
permutations, by projecting onto a plane such that it is injective when 
restricted to the Z'^-lattice and the image of the Z'^-lattice is dense. 

1 Introduction 

In it was shown that any smooth knot ~ K'^ C W^^"^ can be de- 
formed isotopically into the n-skeleton of the canonical cubulation of M^. 
In particular, every classical smooth knot C is isotopic to a cubic 
knot. There are two elementary "cubulated moves". The first one (Ml) is 
obtained by dividing each cube of the original cubulation into cubes, 
which means that each edge of the knot is subdivided into m equal seg- 
ments. The second one (M2) consists in exchanging a connected set edges 
in a face of the cubulation (or a subdivision of the cubulation) with the 
complementary edges in that face. If two cubic knots K\ and K2 are such 
that we can convert Ki to K2 using a finite sequence of cubulated moves 
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then we say that they are equivalent via cubulated moves, notated Ki ~ K2. 

This allows us to prove the following: 

Theorem 1. Given two cubic knots Ki and K2 in R^, then they are isotopic 
if and only if Ki is equivalent to K2 by a finite sequence of cubulated moves; 
i.e., Ki ~ K2- 

Theorem [1] is analogous to the Reidemeister moves of classical tame knots 
for cubic knots. 

The fact that every knot is isotopic to a cubic knot allows us to develop 
a discrete version of a knot. Since a cubic knot is given by a sequence of 
edges whose boundaries are in the canonical lattice of points with integer 
coefficients in M^, i.e., the abelian group Z^, each knot is determined by a 
cyclic permutation (ai,...,On) (with some restrictions), Oi G Z^. We can 
describe some of the invariants and properties of the knots in terms of such 
cyclic permutations by projecting onto a plane P, such that it is injective 
when restricted to the Z^-lattice and the image of the Z^-lattice, Ap, is 
dense. More precisely, the projection of each knot is determined by a cyclic 
permutation {wi, . . . , Wn) (with some restrictions), wt G Ap. In Section 5, 
we give a discrete version of Seifert surfaces and the Alexander polynomial. 
We also describe the fundamental group using the Wirtinger presentation. 

2 Cubulations for 

A cubulation of M"^^ is a decomposition of M""^^ into a collection C of 
(n + 2)-dimensional hypercubes such that any two of its hypercubes are ei- 
ther disjoint or meet in one common face of dimension k < n + 1. This 
provides M""''^ with the structure of a cubic complex. 

In general, the category of cubic complexes and cubic maps is similar to 
the simplicial category. The main difference consists in using cubes instead 
of simplexes. In this context, a cubulation of a manifold is specified by a 
cubical complex PL-homeomorphic to the manifold (see [5j, [8j, ^lOj). 

The canonical cubulation C of M""*"^ is the decomposition of M"'*'^ into hy- 
percubes which are the images of the unit cube 1"-+^ = {(xi, . . . , Xn+2) \ < 
< 1} hy translations by vectors with integer coefficients. 
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Definition 2.1. The n-skeleton of C, denoted by S, consists of the union of 
the n-skeletons of the cubes in C, i.e., the union of all cubes of dimension n 
contained in the faces of the (n + 2)-cubes in C. We will call S the canonical 
scaffolding of ]R"+^. 

Any cubulation of M"^^ is obtained from the canonical cubulation by ap- 
plying to the canonical cubulation a conformal transformation x i— t- XA{x) + a 
where A 7^ is a real number, a £ M""*"^ and A G SO{n + 2). 

Consider the homothetic transformation \)m '■ M""*"'^ — )• M""'"^ given by 
^Tn{x) = ^x, where m > 1 is an integer. The set Cx := t}m(C) is called a 

m 

suhcuhulation or cubical subdivision of C. 

In [3], we proved the following theorem which is central to this paper. 

Theorem 2.2. Let C be the standard cubulation o/M"+2. Let K C M"+^ be 
a smooth knot of dimension n. There exists a knot K continuously isotopic 
to K, which is contained in the scaffolding S (n-skeleton) of the standard 
cubulation C o/M""*"^. The cubulation of the knot K admits a subdivision by 
simplexes and with this structure the knot is PL-equivalent to the n-sphere 
with its canonical PL-structure. 

3 Cubulated isotopy 

Recall that a smooth parametrized knot is a smooth embedding A; : — )■ 
As is usual, we will at times identify the embedding with its image, 
which we call a geometrical knot. 

Given two smooth parametrized n-dimensional knots Ki, K2 ■ S" ^ 
M"+2 we say they are smoothly isotopic if there exists a smooth isotopy 
if : S" X M ^ M"+2 such that 



and IL{-, {t}) is an embedding of S" for t G M. 

Definition 3.1. We will say J = {{H{x,t),t) e M"+3 | x E t E M} is 
the isotopy cylinder of Ki and K2. Note that J is a smooth submanifold of 
codimension two in M""''^. 
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Let C be the canonical cubulation of M"+^. Let p : M"+^ ■— ^ M be the 
projection onto the last coordinate. 

Definition 3.2. Let M be a connected subset of M""^^ such that p~^{c)nM 
or p\f^f{c) is connected for all c S M, we say that M is sliced by connected 
level sets of p. 

Observe that there is no restriction on the dimension of M. 



Note that p\j is sliced by connected sets. 



In this section we will prove: 

Tlieorem 3.3. The isotopy cylinder J can be cubulated. In other words, 
there exists an isotopic copy J' of J contained in the (n + 1) -skeleton of 
the canonical cubulation o/R"+^. Moreover J' can be chosen to be sliced by 
connected level sets of p. 



To prove Theorem 3.3 we need some preliminary results: 



Proposition 3.4. Let M be a closed subset of M"+^, such that p\m is a 
proper function andp\jj{c) is non-empty for all c G M. Assume M is sliced 
by connected level sets of p. Let Q C C be the union of all cubes of the 
canonical cubulation intersecting M. Then Q is also sliced by connected 
level sets of p. 

Proof. Let c be any number in M. Then c belongs to the closed interval 
[n, n + 1] for some number n G Z. 

Let A be the intersection p^^ [n, n + 1] n M, so A is compact in M'^ and is 
sliced by connected level sets. Assume A is not connected, so A = AiL) A2 
where Ai, A2 are non-empty, disjoint compact subsets and both Ai and A2 
are also sliced by connected level sets of p. Then p{Ai) Up(^2) = ['^j + 1], 
p{Ai) r\p{A2) = and p{Ai) and p{A2) are compact sets, hence [n, n + 1] is 
not connected, which is a contradiction. Therefore A is connected. 



Claim 1: p~^[n, n + 1] n Q is connected. 

Suppose that p~^[n, n + 1] n Q = Ci U C2, where Ci, C2 are non-empty dis- 
joint closed sets. As A is connected, we have that either A C Ci 01 A C C2- 
We assume that A C Ci. But A intersects each of the hypercubes belong- 
ing to p~^[n, n + 1] n Q, since each hypercube is connected, it follows that 
p~^ [n, n + 1] n Q C Ci , which is a contradiction. Therefore p~^[n,n + l]r\Q 
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is connected. 



Claim 2: p\q is sliced by connected level sets of p. 

This is a consequence of the above claim and the fact that the cubes inter- 
secting p~^{c) and p^^[n, n + 1] are the same cubes, since C is the canonical 
cubulation. □ 



Recall that Ki, K2 C M"-"*" are two smoothly isotopic knots in M"+^ 
with : S" X M — 7- M"+^ the smooth isotropy between them, which gives us 
the isotopy cylinder J = {{H{x, t),t) £ M"+3 \x £ Ki}. 

Lemma 3.5. The isotopy cylinder J is sliced by connected level sets of p. 

Proof. Since p~^{t) = H{-, t) is the image of an embedding of S", and hence 
connected, the result follows. □ 



Lemma 3.6. Let Qj be the union of all cubes which intersect J. Then Qj 
is sliced by connected level sets of p. 

Proof. Note that p\j is clearly proper, therefore this is a consequence of 



Proposition 3.4 □ 



Proof of Theorem \3.3[ To finish the proof we only need to show that J can 
be cubulated by a small isotopy, in other words: there exists a small isotopy 
which moves J onto an isotopic copy of J embedded in the n + 1-skeleton 
of a sufficiently small subdivision of the canonical cubulation of M"-"*"^. But 
this is proven in [3]. □ 



4 Cubulated moves 

We say that a knot i^T C is a cubic knot, if K is contained in the scaf- 
folding S of the canonical cubulation C of . 



Definition 4.1. The following are the allowed cubulated moves: 

Ml Subdivision: Given an integer m > 1, consider the subcubulation Cm 
of C. Since C C Cm, then K is contained in the scaffolding Sm (the 
1-skeleton) of Cm and as a cubic complex, each edge of K is subdivided 
into m equal edges. 
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M2 Face Boundary Move: Suppose that K is contained in some subcubu- 
lation Cm of the canonical cubulation C of M'^. Let Q £ Cm be a cube 
such that A = K n Q contains an edge. We can assume, up to ap- 
plying the elementary move Ml, that A consists of either one, two 
or three edges that are connected and are part of the boundary of a 
face F C Q. Thus A is an arc contained in the boundary of F and 
dF is divided by dA into two cubulated arcs. One of them is A and 
we denote the other by A' . Observe that both arcs share a common 
boundary. The move consists in replacing Ahy A' . 

Remark 4.2. Notice that the face boundary move can be extended to an 
ambient isotopy of . 

Definition 4.3. Given two cubic knots Ki and K2 in M.^. We say that Ki 
is equivalent to K2 by cubulated moves, denoted by Ki ~ K2, if we can 
transform Ki to K2 by a finite number of cubulated moves. 



4.1 Main theorem 

We are now ready to prove Theorem [l| 

Theorem 1. Given two cubic knots Ki and K2 in M^, then they are isotopic 
if and only if Ki is equivalent to K2 by cubulated moves; i.e., Ki ~ K2. 

Proof. First, note that if Ki and K2 are equivalent by cubulated moves, then 
these knots must clearly be isotopic. Hence, what remains to be proved is 
that two cubic knots that are isotopic must also be equivalent by cubulated 
moves. 



Our strategy is as follows. First, for i G {1,2}, we will smooth each Ki to 
obtain Ki, and then cubulate these two knots to obtain K[ in such a way that 
a) Ki ~ K[ and b) we can show K'^ ~ K2 are equivalent by cubulated moves. 



Given a cubic knot K, there exists a smooth knot K isotopic to K such 
that K is (^''-arbitrarily close to K. This is because we can round the corners 
at the vertices of K in an arbitrarily small neighborhoods of them (see [6]). 

Let J be the isotopy cylinder (defined above) of Ki and K2- Then J is a 



smooth submanifold of codimension two in M"^. By Theorem 3.3, there exists 
an isotopic copy of J, say J', contained in the 2-skeleton of the canonical 
cubulation C of M^. Recall that J' is sliced by connected level sets of p. 
Furthermore, note that there exist integer numbers mi and m2 such that 
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p^^{t) r\J' = K[ for all t <mi and p^^{t) n J' = K'2 for all t > m2, where 
K[ and K2 are cubic knots which are isotopic to Ki and K2, respectively. 

Now, we will use the following results which will be proved in Sections 
4.1.1 and 4.1.2, respectively. 



Lemma 4.4. Given a cubic knot K we can choose a cubulation Cj_ fine 

m 

enough that N{K) = UjQ G Cj_ | Qr\K 7^ 0} is a closed tubular neighborhood 

m 

of K and QCiK is equal to either vertex, one edge, two edges sharing a vertex. 
We can also choose K isotopic to K such tha t K is -arbitrarily close to 



K and K C Int[N{K)). Then using Theorem 3.3 we obtain K' in dN[K) 



cubic in C±, and K ~ K' ; i.e., we can go from K to K' by cubulated moves. 
Theorem 4.5. Given two cubic knots Ki and K2, we obtain K[ and K2 as 



in Lemma 4-4 ■ Then there exists a finite sequence of cubulated moves that 
carries K[ into K2. In other words, K[ is equivalent to K2 by cubulated 
moves. 



Thus by Lemma 4.4, there exists a finite sequence of cubulated moves 



that carries Ki into K'^ and also a finite sequence of cubulated moves that 



carries K2 into K2. By Theorem 4.5 there exists a finite sequence of cubu- 



lated moves that carries K'^ into K2. As a consequence there exists a finite 
sequence of cubulated moves that carries Ki into K2 . □ 

4.1.1 Cubic case 

Let K he Si cubic knot. We can choose a cubulation Ci_ fine enough 
such that the subcollection Nk = {Q £ Cj_ \ Q r\ K / 0} satisfies that 
N{K) = ^q^MkQ is ^ closed tubular neighborhood of K and Qi^K is equal 
to either vertex, one edge, two edges sharing a vertex. We can also choose K 
isotopic to K such that K is C'^-arbitrarily close to K and K C 1tA{N{K)). 
Observe that N{K) is also a closed tubular neighborhood of K. Then, by 
Theorem 



3.3 



there exists an isotopic copy K of the knot K' contained in 
Sk n dN{K) the 1-skeleton of dN{K). 

In this section, we will prove that there exists a sequence of cubulated 
moves that carries K into K' . 



Lemma 4.4, There exists a finite sequence of cubulated moves that carries 
K into K' . 
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Proof. Observe that K and K' are isotopic and both are contained into 
the 1-skeleton of N(K). Next, we wiU construct an annulus A contained in 
the 2-skeleton of A4 such that its boundary wih consist of two connected 
components, namely K and K' . 

Let B = {Q cMklQnK QnK' ^^}. 

Notice that B consists of a finite number of cubes, say m. We wiU enu- 
merate them in such a way that consecutive numbers belong to neighboring 
cubes (cubes sharing a common face) and the cube and the m-cube is neigh- 
bor of the first one. To construct the annulus in the 2-skeleton of N{K), 
whose boundary is K L) K' we will look at all cases of Qj G B and find Fj 
which consists of either one face, two neighboring faces or a face union an 
edge of Qj that will form said annulus. The boundary of these Fj's will 
intersect both K and K' , hence faces corresponding to neighboring cubes 
will share a common edge. 

Claim 1: If Qj n K, Qj € B consists of a vertex and Q K' consists of 
either a vertex or an edge, then K U K' C '^Q^eB\{Qj}Qi- Iii other words, 
Qj is superfluos. 

Proof of Claim 1. We will look at all cases. 

(a) Each intersection {Qjf^K and QjCiK') consists of a vertex. This implies 

that each knot passes through two edges sharing the corresponding 
vertex and these edges belong to cubes in B\{Qj}. 

(b) QjCiK consists of a vertex v and QjCiK' consists of an edge e or viceversa 

(see Figure [T]) . Suppose that both intersections are contained in the 
same face F C Q (see Figure [Tj^a)). Notice that K passes through two 
edges sharing the vertex v. These two edges belong to neighboring 
cubes of Qj and K' also intersects them. This implies that one of 
these two neighboring cubes contains both v and e. 
Now, suppose that the vertex v is opposed to e, i.e., there is no edge 
of Qj joining v to any of the end-points of e (see Figure [T|b)). As 
in the previous case, K passes through two edges sharing the vertex 
V and these two edges belong to neighboring cubes of Qj. Since K' 
also intersects them, we have that one of these cubes must contain v 
and one of the end-points of e. By construction of K' , it follows that 
K' does not intersect any of the other two neighboring cubes of Qj 
containing v. Therefore, the claim 1 follows. □ 
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(a) (b) 

Figure 1: Qj Ci K consists of a vertex v and Q Ci K' consists of an edge e. 

For simplicity, we will assume that B does not contained superfluous cubes. 

Claim 2: Let Qj G B. Then K' n Qj can be reduce by face boundary 
moves, to a path of 3 edges. 

Proof of Claim 2. We will consider all possible cases such that K' n Qj 
consists of at least 4 edges. 

Case 1. Suppose that K n Qj consists of a vertex v. Since K Ci K' = ^, it 
follows that K' n Qj can be contained in 1,2 or 3 faces of Qj and these 
faces do not contained v. By a combinatorial analysis, we have that 
K' n Qj is a path of at most 6 edges. 

(a) K' n Qj consists of six edges. So three edges are contained in a 
face Fi, two edges in a neighboring face F2 and one edge in the 
remaining face F3 (see Figure [2|. In this case, we apply twice the 
face boundary move to obtain that K' n Qj can be reduce a two 
edges path. 




Figure 2: K' n Qj consists of a six edges path. 

(b) K' n Q consists of five edges. In these case, three edges are con- 
tained in a face Fi and two in a neighboring face F2, then we 
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apply the face boundary move on Fi to obtain that K' D Qj can 
be reduce a three edges path (see Figure [S]). 




Figure 3: K' n Qj consists of a five edges path. 

(c) K'nQj consists of four edges. If three edges are contained in a face 
-Fi and one edge in a neighboring face F2, then we apply the face 
boundary move on Fi to obtain that K' n Qj can be reduce a two 
edges path (see Figure |4]). If two edges are contained in a face Fi 




Figure 4: K' n Qj consists of a four edges patli. 

and two edges in a neighboring face F2, then we apply the face 
boundary move on Fi and then apply again the face boundary 
move on F2 to obtain that K' Ci Qj can be reduce a two edges 
path (see Figure [s]). 

Case 2. K consists of an edge. Then K' n Qj may be contained in 1 or 2 
faces. 

(a) Three edges of K' n Qj are contained in a face Fi and two edges in 
the neighboring face F2, then we apply the face boundary move 
on Fi to obtain that K' n Qj can be reduce a one edge path (see 
Figure [g]) . 
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Figure 5: K' Ci Qj consists of a four edges path. 




Figure 6: K' n Qj consists of a five edges path. 

(b) Three edges of K' D Qj are contained in a face Fi and one edge in 
the neighboring face F2. Then we apply the face boundary move 
on Fi to obtain that K' n Qj can be reduce a two edges path (see 
Figure [7]). 




Figure 7: K' n Qj consists of a four edges path. 

Case 3. K consists of two neighboring edges. In this case, K' D Qj is con- 
tained in one face, hence K' n Qj consists of a path of at most three 
edges and applying the face boundary move, if necessary, we can as- 
sume that K' n Qj consists of one or two edges. 
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This proves claim 2. □ 



Notice tliat by claim 2, we will consider that K' n Qj consists of a path 
of at most three edges. Next, we will construct Fj describing all possible 
cases of Qj G B. 

Case 1. Suppose that K n Qj consists of a vertex v. By claims 1 and 2, we 
have that K' n Qj can consist of a path of two or three edges. 



(a) K' n Qj is a three edges path (see Figure [S]). In this case, up to 
face boundary move, we may assume that v and two neighboring 
faces (faces sharing a common edge) of K' n Qj are contained in 
the same face F. Then Fj is the union of F and the remaining 
edge of K' n Qj. 














iiil 







Figure 8: K CiQj consists of a vertex. 

(b) K' n Qj is a two edges path. We have the following arrangements. 

1. K' n Qj and v lie on the same face F d Qj. Then Fj = F. 
See Figure [9) 




Figure 9: K CiQj and v lie on the same face. 



2. K' n Qj and v lie on opposite faces. We have two possi- 
bilities that are equivalent via a face boundary move. See 
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Figure 10: K n Qj and K' n Qj lie on opposite faces. 



Figure [TOj By the conditions imposed in B, we have that 
neighbors cubos of Qj must intersect K and K' , and this can 



happen only in one case (see Figure 11). Then applying face 
boundary moves in the neighbors cubes, we see that it is not 
neccesary to take Fj; i.e., Fj = 0. 




Figure 11: Fj is empty. 



3. The remaining configuration appears in Figure [T2j By the 
same argument of claim 1 (b), this configuration is not pos- 
sible. 




Figure 12: This configuration is not possible. 

Case 2. Suppose that KCiQj consists of an edge. By claim 2, we can assume 
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that K' n Qj consists of one or two edges. 

(a) K' n Qj is a three edges path. Since K H i^' = 0, we have that K' 
must be contained in the two faces of Qj that do not intersect 
K. If K' is contained in one face, then applying a face boundary 
move, we can assume that K' consists of just one edge. Thus, we 



wiU consider that K' is contained in two faces. See Figure 13 So 



Fj is the union of the two faces that intersect both knots. 




Figure 13: K' n Qj consists of a three edges path. 

(b) K' n Qj is a two edges path. 

1. Four vertices he on a face F C Qj and the remaining vertex 
is joined by an edge e to some vertex of C. Let Fj = F U e. 



See Figure 14 




Figure 14: K Pi Qj consists of an edge. 



2. The remaining possible configuration appears in Figure 15 
and applying a face boundary move is equivalent to a config- 



uration described above (see Figure 14). 
(c) K' n Qj is an one edge path. 

1. K' n Qj and K n Qj lie on the same face F C Qj. Then 



Fj = F (see Figure 16). 
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Figure 15: Equivalent conEguration. 




Figure 16: K' CiQj and K n Qj lie on the same face. 



K' n Qj and K n Qj lie on opposite edges, i.e., the vertices 
wi, -0)2 £ K and the vertices vi, V2 £ K' satisfy that vi, wi 
lie on the face Fi C Qj and V2, W2 he on a opposite face 
F2 C Qj] in such a way that the edge V1V2 is parallel to the 
edge wiW2- i-e. vi, wi are opposite vertices in Fi, and V2, 



W2 are opposite vertices in F2. See Figure 17 





Figure 17: iiT' n and K n are opposite edges. 

Observe that there exists a finite sequence of neighbor cubes, 
Qi+i, . . . ,Qj, . . . , Qr-i, keeping this arrangement and it changes 
in the cubes Qi and Qr, in such a way that each intersection 
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K' nQi, K' n Qr consists of two neighboring edges. We can 
assume, applying induction if necessary, that this happens in 
the neighbor cubes of Qj; i.e. i = j — 1 and r = j + 1. Let 
Fi = Qj_i n Qj and F2 = Qj+i n Qj. 

Consider the cube Qj-i. Then we have two possible arrange- 
ments. 

(a) Suppose that its vertices wi, W3, vi, U3, v satisfy the fol- 
lowing: wi, Wi belong to K, fi, ^3, f belong to K' ^ the 
edge viv^ is opposited to the edge wiw^ and the vertices 
v^, V, W3 lie on the opposite face of Fi, Fg. See Figure 18 




Figure 18: Possible arrangements. 

Thus, the cube Qj-i has the arrangement described in 
case 2(6)1. We first apply a face boundary move to Qj-i, 
so the edges VV3UV1V3 are replaced by the edges vzlUvTzi 
obtaining -Fj-i- Then we have in Qj the same arrange- 
ment in 2(6)1 so we apply a face boundary move to obtain 

(b) Suppose that KCiQj-i = wi. We apply a face boundary 
move to Qj-i (see case2(6)l) in such a way that the edges 
VV3 U V1V3 are replaced by the edges vzi U Wzi. Then 
there exists another cube Q C A such that v, zi, wi G 
Q n Qj-i; hence Qj-i is superfluous. In Qj we have 
the case described in 2(6)1, so we apply a face boundary 
move to obtain Fj. Notice that Fj^i = 0. 



3. The remaining possible configuration appears in Figure 19 



and is very similar to the case 1(6)2. By the same argument 
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Figure 19: Fj 



Case 3. Suppose that KCiQj consists of two neighboring edges. Then KCiQj 
is contained in a face F C Aj 

(a) K' n Qj is a three edges path. Since K Ci K' = ^, then K' can 
be contained in five possible edges, four of them belong to the 
opposite face of F, say F' and the remaining edge is e. Hence K' 



consists of e and two edges h, h C F' (see Figure 20). Applying 



a face boundary move, if necessary, we can assume that e and 
li belong to a face Fi and I2 and a edge of K n Qj are in a 
neighboring face i<2. We have that Fj = Fi U ^2- 




Figure 20: K n Qj and K' n Qj lie on two neighboring faces. 

(b) K' n Qj is a two edges path. 

1. KoQj and K'CiQj lie on two neighboring faces (faces sharing 
a common edge) of Qj. Let Fj be the union of these two faces. 
See Figures [21] and 

2. K' CiQj lie on the opposite face F' in such a way that there is 
only one face Fi such that both FiOK and Fi D K' consists 
on a edge, respectively. Then Fj = Fi. See Figure 23 
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Figure 21: K n Qj and K' n Qj lie on two neighboring faces. 




Figure 22: K R Qj and K' n Qj lie on two neighboring faces. 

Let A = ^Fj. By the construction, Fj consists of either one face or two 
neighboring faces, except the case 2(6)1 where Fj is the union of a face and 
an edge e . Notice that this edge e is also contained in some other face Fi. 
In fact, \{ e <Z K then there exists another cube Qi containing e, and by 
hypothesis QiCiK' must contain another edge, hence e C Fi. If e C K' then 
there exists a neighbor cube Qr of Qj such that Qr Ci K contains an edge, 
hence e <Z Fr. This implies that A is the union of 2-faces -Fj, where Fj is 
contained into the 2-skeleton of A4 • 

Observe also that by construction, the boundary of each Fj is composed 
by edges belonging to K and K' and two edges Cj and e^- that do not belong 
to neither K nor K' and Fj was taken in such a way that the intersection 
Fj n -Fj+i is one of these two edges Cj, e'y Therefore A is an annulus con- 
tained into the 2-skeleton of Mk whose boundary consists of two connected 
components, namely K and K' . □ 

Now, we will carry the knot K' onto the knot K via a finite number of 
cubulated moves. Notice that A is the union of m squares which are enumer- 
ated; in particular, given the square Q„, the square Qn+i is a neighboring 
square of Qn, i.e., Qn+i n Qn consists of an edge In. 
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Figure 23: K n Qj and K' n Qj lie on opposite faces. 



We will use induction on ni. Consider Qi. We apply the face boundary 
move to Qi in such a way that the edges belonging to K' replace the others 
(by construction QiCi K =^). Next, we consider Q2. Observe that Qi and 
Q2 share an edge belonging to K' . Then we apply again a face boundary 
move, so the edges belonging to K' replace the others. We continue induc- 
tively. Notice that if I C K then I C dA, thus / is not a common edge of 
two squares Qi and Qj in A, hence if / is replaced by an edge belonging to 
K' we have that this replacement will stay in the following steps. Therefore, 
the result follows. □ 



4.1.2 Smooth case 

Suppose that Ki and K2 are isotopic smooth knots in M'^. Let J be the iso- 
topy cylinder of Ki and K2- Then J is a smooth submanifold of codimension 



two in M^. By Theorem 3.3, there exists an isotopic copy of J, say J', con- 
tained in the 2-skeleton of the canonical cubulation C of M^. Notice that J' 
is sliced by connected level sets of p. Moreover there exist integer numbers 
mi and m2 and cubic knots K[ and K2 isotopic to Ki and K2, respectively; 
such that p-^{t)nJ' = K[ for all t < mi and p~^{t)nJ' = K'^ for all t>m2. 

Our goal it to prove that K[ is equivalent to K2 by cubulated moves. 

Let p : ^ M be the projection onto the last coordinate. Thus p^^{t) = 
Mj is an affine hyperplane parallel to the space x {0}. 

Lemma 4.6. Each hyperplane has a canonical cubulation. 

Proof. Since is an affine hyperplane parallel to the hyperplane V = 
X {0} C and V has a canonical cubulation C-p given by the restriction 
of the cubulation C of to it; i.e., C-p is the decomposition into cubes 
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which are the images of the unit cube = {(xi, X2, X3,0) | < Xj < 1} by 
translations by vectors with integer coefficients. Then M| has a canonical 
cubulation coming from the translation of the cubulation C-p by the vector 
(0,0, 0,t). □ 

Definition 4.7. A 2-cell (2-face) Q of the canonical cubulation C of is 
called horizontal if p{Q) is a constant in N. A 2-cell is vertical if p{Q) = 
[n, n+ 1] for some n gN. 

Definition 4.8. Let S be a cubulated surface; i.e. a surface contained in 
the 2-skeleton of C. Let P be a hyperplane in M^. We say that P and S 
intersect transversally, denoted by P rtl S, if P n S is a polygonal curve. 

Lemma 4.9. Let Wl , t ^ 7^ be an affine hyperplane. Then intersects J' 
transversally. 



Proof Let P = Rf, t ^ Z. By Theorem O P n J' is connected. Let 



x G P n J'. Then x G Qi, where Qi is a 2-face of the cubulation C. Notice 
that Qi is a vertical 2-face, since t Z. So, we have two possibilities: either 
X G Int((5i) or x belongs to an edge of Qi. 

1. If X G lnt{Qi) then ¥ CiQi is a linear segment parallel to an edge. 

2. If X belongs to an edge of Qi, then there exists another vertical 2-face 
Qj such that x £ Qi (1 Qj. Thus P H Qj is a linear segment k parallel 
to an edge, and by the same argument P fl Qj is also a linear segment 
Ij , and X £ liU Ij. 

Therefore, the result follows. □ 



Corollary 4.10. For x Z, the set p ^(x) Ci J' is a knot. 

Proof. By the above, p~^{x) n J' is a polygonal connected curve. □ 

Now, for each n G N we define 

K_i{n) =p-\n- hnf 

and 

Ki{n) =p-\n+-)nJ'. 
2 2 

Observe that K_i(n) and Ki{n) are cubic knots. 
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Let Q(C) be the set of squares (2-cells) belonging to C. Consider the 
spaces 

B_i{n) = U{Qe Q{C)\QnK_i{n) ^^}, 
Bi (n) = U{Q G Q{C) I Q n ETi (n) / 0} 

2 2 

and Fq^ti) = p'^^{n) n J'. By construction B_i{n) = K_i{n) x [0,1] and 
Bi{n) = Ki{n) x [0,1]. 

Let B = B_i{n) U Fo{n) U Bi{n). Notice that B = Cl{p~'^{n -l,n + 
1) n J'), where CI denotes closure. 

Lemma 4.11. The space B is homeomorphic to x I. 

Proof. Since i? is a compact submanifold of J', then by Lemma 3.3, it is 
also connected. Now J' is homeomorphic to x M, and J' — B has two 
connected components, hence the result follows. □ 

Lemma 4.12. FQ{n) has the homotopy type of . 



Proof. Consider the set B. By Lemma 4.1l[ we know that B = x I, 



where K_i(n) x {0} ^ x {0} and Ki(n) x {0} ^ §^ x {1}. Hence 

_ 2 2 

B = B/{K_i{n) X {0} U Ki{n) x {1}) is homeomorphic to S^. By Alexan- 
der duality, using reduced homology and cohomology groups, we have that 
Ho{B - Fo(n),Z) = H^{Fo{n),Z). One has that B - Fo{n) has two con- 
nected components, so Ho{B — Fq^u) ,Z) = Z. Since Fq^u) C B = S^ x I, we 
have that either 7ri(Fo(n)) ^ {0} or 7ri(Fo(n)) ^ Z, but H^{Fo{n),Z) ^ Z, 
hence ni(Fo(n)) = Z. Therefore, FQ{n) has the homotopy type of S^. □ 

Next, we are going to describe the subset Fo{n). Notice that the edges 
of Fo{n) are of four types, which we will denote by Ti, T2, T3 and T4. 

• An edge / C Fo{n) belongs to Ti if / C B_i{n) but / (Z^ Bi{n). 

• An edge / C -Fo(n) belongs to r2 if / C Bi(n) but I B_iin). 

2 2 

• An edge I C Fo(n) belongs to T3 if / C B_i{n) n Bi(n). 

2 2 

• An edge / C Fo(n) belongs to r4 if / ^ Biin) and / B_i(n). 

2 2 

Lemma 4.13. The space B retracts strongly to Fo{n). 



21 



Proof. Since B = B_i{n) U -Fo('^) U Bi{n) is homeomorphic to x I, 
and B_i{n) = K_i{n) x [0,1] and Bi{n) = Ki{n) x [0,1], we have that 
B_i{n) = K_i{n) x [0, 1] retracts strongly to K_i{n) x {1} and Bi{n) = 
Kiln) X [0, 1] retracts strongly to Ki{n) x {0}. Now dFo{n) = K_i{n) x 
{1} U Ki{n) X {0}. Therefore, the result follows. □ 

By the above, we have copies of K_i(n) and Ki (n) contained in dFo(n). 

2 2 

By abuse of notation wc will denote them in the same way. Notice that 
K_i{n) is the union of edges of types Ti and T^, and Ki(n) is the union 
od edges of types T2 and T3. 

Lemma 4.14. There exists a finite sequence of cubulated moves that carries 
the knot K_i{n) into the knot Ki[n). 

Proof. Wc will show it by cases. 

Case 1. Suppose that K_i(n) = Ki{n). The result is obviously true. 

Case 2. Suppose that K_i{n) fl Kiin) = 0. In other words, K_i(n) and 

2 2 2 

Ki{n) do not have edges of type T-^. 

Remember that Fo(n) is a cubulated compact surface whose fundamen- 
tal group is isomorphic to Z. Thus dFo{n) has two connected component; 
namely K_i{n) and Ki{n), such that their intersection is empty. Hence 
Fo{n) is divided by squares (2-faces) belonging to the 2-skeleton of C, whose 
edges are of any of the types Ti, T2 and T4. 

Next, we will carry the knot K_i{n) onto the knot Ki{n) via a finite 
number of cubulated moves; i.e. we will carry the edges of type Ti onto the 
edges of type T2. Let Q be a square contained in Fo{n). We can assume, 
up to (Ml)-move, that if an edge I C Q belongs to Ti, then Q H Ki{n) = 

and QnK_i{n) consists of cither an edge or two neighboring edges. Analo- 
gously, a I C Q belongs to T2 , then Q n K_ 1 (n) = and Q Ci Ki (n) consists 
of either an edge or two neighboring edges. 

Since Fo(^) is compact it is the union of a finite number of squares, say 
m. We will enumerate them in the following way. The first square Qi con- 
tains an edge of type Ti, and given the square Qn, the square Qn+i shares 
an edge In with Qn and whenever it is possible, we choose Qn+i in such a 
way that Z„ is parallel to In-i- 



22 



We will use induction on m. Consider Qi. We apply the (M2)-move 
to Qi replacing the edges of type T4 by edges of type Ti. We consider Q2- 
Observe that Qi and Q2 share an edge of type Ti. Then we apply again the 
(M2)-move replacing the edges of type by edges of type Ti. We continue 
inductively. Notice that if I C FQ(n) is an edge of type T2, then I C 9Fo(n); 
so / is not a common edge of two squares Qi and Qj in Fq^u); hence if / 
is replaced by an edge of type Ti, then this replacement is not modified on 
any other step. Therefore, the result follows. 

Case 3. Suppose that K_i(n) n Ki (n) consists of a finite number of points. 

2 2 

The surface FQ{n) consists of connected components Cj, i = 1, . . . ,r such 
that each Cj is the union of squares Qi-^ , ■ ■ ■ , Q^m^ S C and the intersection 
Ci n Cj is either empty or a point belonging to K_i{n) n Ki (n). Therefore, 
we apply the previous argument to each Cj. 

Case 4. Suppose that the intersection K_i(n) n Ki(n) contains an edge of 

2 2 

type T3. 

The surface Fo^n) consists of 2-dimensional connected components Ci, i = 
1, . . . , r and paths 'yij, where each Cj is a union of squares Qi-^ , . • . , Qi^^ ^ C, 
and jij is a path (or vertex) joining the component Cj with the component 
Cj. Observe that if jij is a path then it is the union of edges of type 
T3, hence jij C K_i{n) (1 Ki{n). Moreover K_i{n) H Ki{n) = U^ij and 
dFQ{n) = K_iin)U^Ki{n). 



Since ni(i<o(n)) = Z, then Cj has the has the homotopy type either the 
circle or the disk. Suppose that Cj has the homotopy type of the circle, then 

dCi = dF^in) = K_i{n) U Ki(n) contains an edge I of type T3, but / does 

2 2 

not belong to any square Q of Fo{n); so I does not belong to Cj. This is a 
contradiction, hence Cj has the homotopy type of the disk. 

By the above, dCi is homeomorphic to and consists of edges of type 
Ti and T2. Moreover, dCi consists of two arcs Ai and A2, such that Ai is 
the union of edges of type Ti and A2 is the union of edges of type T2. Now 
we apply the argument of the case 2, so A2 is replaced by Ai. Since we have 
a finite number of components Cj, the result follows. □ 



Theorem 4.5 , There exists a finite sequence of cubulated moves that carries 



K[ into i^2- ^"i^ other words, K[ is equivalent to K2 by cubulated moves. 
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Proof of Theorem \4-5\ Recall that there exist integer numbers mi and 7712 
such that p-^{t)nJ' = K[ for all t < mi and p~^{t)nJ' = K'^ for ah t>m2. 
Consider the integer mi + 1. By 1 Lemma 4.14| there exists a finite number 
of cubulated moves that carries the knot K[ into the knot Ki{mi + 1). We 
continue inductively, and again by Lemma 4.14 there exists a finite number 
of cubulated moves that carries the knot Ki{m2 — 1) into the knot -fCg- 
Since, we have a finite number of integers contained in the interval [mi, 7712], 
then there exists a finite sequence of cubulated moves that carries -fC{ into 
K'2. □ 



5 Discrete knots 

In this section we will use the fact that every knot is isotopic to a cubic knot 
to develop a discrete version of a knot. Since a cubic knot is given by a se- 
quence of edges whose boundaries are in the canonical lattice of points with 
integer coefficients in M'^, i.e., the abelian group Z^, each knot is determined 
by a cyclic permutation (oi, . . . ,0^) (with some restrictions), Oj E Z^. We 
will describe a discrete version of Seifert surfaces, the fundamental group and 
the Alexander polynomial of the knots in terms of such cyclic permutations 
by projecting onto a plane P, such that it is injective when restricted to the 
Z'^-lattice and the image of the Z^-lattice, Ap, is dense. More precisely, the 
projection of each knot is determined by a cyclic permutation {wi, . . . ,Wn) 
(with some restrictions), Wi G Ap. 

Let C be the standard cubulation of and let S be the corresponding 1- 
skeleton of C (scaffolding) , which by definition is determined by the vertices 
in the lattice consisting of point with integer coeffcients, and by edges 
which are contained in straight lines parallel to the coordinate axis and 
passing through points in the lattice. These straight lines belong to three 
families of parallel lines: The family J-i of lines parallel to the x-axis, the 
family J^2 of lines parallel to the y-axis and the family J^^ of lines parallel 
to the z-axis. 



5.1 Discrete description of cubic knots 

Given a cubic knot K C M'^, we have that X is a polygonal simple curve 
whose vertices lie on the lattice Z^ and whose edges lie on straight lines 
belonging to the families J-'i, i = 1,2,3 of straight lines parallel to the co- 
ordinate axis Xj. This implies that we can write K as a cyclic permutation 
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of points {vi,V2, ■ . . ,Vn) such that Vi G Z'^, Vi vj I < i,j < n and Vi is 
joined to Vi+i by a unit edge and Vn is hkewise joined to vi by a unit edge. 
Observe that the expression {vi,V2, ... ,Vn) represents a equivalence class, 
since {vi,V2, ... ,Vn) = {v2,V3, ... ,Vn,vi) = ■ ■ ■ = {vn,vi, . . . ,u„_i). Con- 
versely, a cyclic permutation of points (fi,i'2, ... ,Vn) satisfying the above 
conditions determines a unique knot K C S. Notice that if K is oriented, 
we can associate to it a unique cyclic permutation such that the numbering 
of the v'^s is compatible with this orientation. If K is not oriented there 
are two cycles that can be associated to K, {vi,V2, ... ,Vn) and its inverse 

{Vn,Vn-l, ... ,Vi) 

Let ei, 62, 63 be the canonical coordinate vectors in M^. We can also 
write the cubic knot K as an "anchored cycle" permutation of directions 
K = {vi, {ci^ , . • • , Cj^)}. In other words, cubic knots can be coded as words 
over the alphabet {e]'^,e^,e3 } plus the initial vertex. 

We now can describe the cubulated moves in using cycle notation. 

Ml Subdivision: We subdivide each edge of K by m equal edges. Thus 
{fi, (cj^, ... , ej„)} is equivalent to 



{vi, (— ei^, . . . , 



m 



1 



m 



m 



m 



-ei„)}, 



where each vector i^Ci^, appears m times (see Figure 24) 



Figure 24: Subdivision move by h. 



M2 Face boundary move: Let F be a 2-dimensional unit square. Remem- 
ber that the move M2 consists in replacing the arc A C dF by the 
arc A' = dF — A. If we write K as an anchored cyclic permutation of 
directions, this move is expressed as follows: 
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1. If the anchored cychc permutation of directions is given by 
{vi, (cjj , . . . , , ejj^, Gjj^^j^ , — Gij^, ejj,_|_3 , . . . , , ej^)} 

and{wi,(ejj, ... , ^1^-1 ; ^i k+i ; ' ■•• '^«n)} 
are equivalent (see Figure 25). 
In addition, we have: 

{vi, (e;^ ,6^2 . . . , ei^_2 , — Gij^ , ej^)} 
and {vi + Gi^, (e2, . . . , ej„_2,ei^)} are equivalent, and 

{vi , (ejj^ , , Cjg , . . . , ej„_^ , "612)} 
and {vi + ei2, (ei, 6^3, . . . , ej„_2,ei^)} are equivalent. 




\ e 



k+l 




'k+1 



Figure 25: Face boundary move. 

2. If the anchored cyclic permutation of directions is given by 

{vi,{ei^, ... , eij._j, ejj^, Gjj^^j^, eij.^2; ••• i^in)} 
and {vi, {ej^, . . . ,ei|^_^,ei^^^,ei^^,ei^^^, ... ,eij} are equivalent 



(see Figure 26 ) . 
In addition: 

{vi,(ei,,ei2 ... ,ei„_i,ei^)} 
and {vi +ei^ - ei„, (ei„, ... ,ei„_i,eij} are equivalent. 

Remark 5.1. Note that the face boundary or M2 move in case 2, is only 
allowed if the vertex that replaces Vk+i or Wj^, i.e., ^4^+1 +ei^^-^ or wi+Ci^— Cj^ 
is not already a vertex of the knot. However, one can always apply the 
subdivision or Ml move in that case. 
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Figure 26: Face boundary move. 



Definition 5.2. Given two anchored cyclic permutation of directions 
{vi,{ei-^, ... ,ei,J}, {61, (e^^, ... ,ej^)}, we say that they are equivalent if 
there exists a finite sequence of cubulated moves transforming the anchored 
cychc permutation of directions {h{vi), (e^^ , . • . , ej,J} into {bi, [cj^ , ■ ■ ■ , ejr)}i 
where h is the translation map given by h{x) = x + bi — vi. 

By Theorem [l| we know that given two cubic knots Ki and K2 in , 
then they are isotopic if and only if there exists a finite sequence of cubulated 
moves that carries Ki into K2. If we express both knots as anchored cyclic 
permutations of directions Ki = (vi, ei-^^, . . . , Cj^ ) , K2 = (^2 , , ... , ej^ ) , 
we have the following 

Corollary 5.3. Two cubic knots Ki and K2 in are isotopic if and only 
if their anchored cyclic permutations of directions Ki = {ui, (ej^, ... ,ej„)} 
and K2 = {bi, ej^, ... , ej^)} are equivalent. 

5.2 Discrete description of a suitable cubic knot projection 

Many invariants of a knot are computed using suitable projections. We will 
start proving that for any oriented cubic knot K = {vi,V2, . . . ,Vn), there 
exists a generic projection p over a suitable fixed plane P. Next, we will 
represent K = p{K) as a cyclic permutation of points {wi,uj2, • • ■ , Wn) and 
we will describe some invariants of K in terms of the points Wi, i = 1, . . . ,n. 

5.2.1 A canonical generic projection 

Lemma 5.4. There exists a hyperplane P such that the orthogonal projec- 
tion p ^ P is injective in the vertices of S ( the lattice 1?) and is also 
injective in each of the families J-i, i = 1,2,3. 

Proof. Let = (1, vr, vr^), where vr is the well-known transcendental number. 
Let P be the plane through the origin in orthogonal to N . Let us show 



27 



that p : ^ P is injective when restricted to the lattice 1? . Let (xq, j/Oj 2^0) 
be a point in P and L = {t(l,7r,7r^) + (xo,2/Oi-2o) : i G M} the hne which 
is orthogonal to P and passes through (xo,?/o,^o)- Let us suppose that L 
contains two points with integer coefficients, Pi = (A'', M, K) = (xo+ti, yo + 
TT{ti),zo + TT^ih)) and P2 = {N', M', K') = {x^ + ta, 2/0 + 7r(t2), -^o + T^'^{t2))- 
If we consider the point Pi — P2, which belongs to L, we must have that 
Pi = P2 since otherwise vr and vr^ would be algebraic numbers which is a 
contradiction since tt is transcendental. Therefore p restricted to the lattice 
1? is injective. Now we will prove that the projection p restricted to the 
family i = 1,2,3 is injective. First we will consider the case i = 1. 
Let I and /' be two lines belonging to Ti. Suppose that p{l) = p{l')- Let 
Q be the plane in containing both I and Since p restricted to the 
coordinate planes is injective, we can assume that Q is not parallel to a 
coordinate plane. Therefore, a normal vector to Q is of the form (0, a, h) 
where both a and h are nonzero. Also p{Q) is the line p{l) = p{l')- This 
means that Q contains a translate of the vector (1, vr, vr^) normal to P. That 
is, (l,7r,7r^) + X belongs to Q, (here a; is a point in Q). Hence the interior 
product of (1, TT, TT^) and (0, a, b) is zero, which is impossible because it would 
mean that vr is a rational multiple of vr^. By a similar argument p restricted 
to each of the families J^2 and ^"3 is also injective. □ 

Lemma 5.5. For p : ^ P defined as above, p(Z^) := Ap is an additive 
dense subgroup of P. Furthermore, the images p{Fi) of each of the families 
Ti, i = 1,2,3 are dense and invariant under the group of translations of 
the dense group Ap. In addition, fori = 1,2,3, p{J-i) is a one dimensional 
dense subgroup of the additive Lie group (M'^,+). 

Proof. Let ei, 62, 63 be the canonical coordinate vectors in M"^ and fi = 
p{ei), i = 1,2,3 be their projections in P. Since p restricted to the co- 
ordinate lines is injective, we have that /i, /2 and fs are pairwise linearly 
independent. Consider the lattice /i = afi + 6/2, a,b E It is enough 
to prove that the points kf^, G Z are dense in the torus P/p. Since 
fs = otfi + Pf2, a, /3 G M, we will prove that both a and /3 are irrational 
numbers. Suppose that fs = af\ + ^fi- Then p{mf\ — nfi — mafs) = 0, 
i.e., {m,—n,—ma) G ker(p). As kcr(p) is the line orthogonal to P, Ljv = 
{t(l,7r, vr^) : t G M}, it follows that {m,—n,—ma) = t(l,7r,7r^) for some 
t G M. This implies that vr is rational, which is a contradiction. 

Remark 5.6. The set Ap is a dense subgroup of rank 3 of P. In fact, 
if ei, 62, 63 denote the canonical coordinate vectors, then 1? = {miei + 
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771262 + 777-363 | nil, 1712, ^ ^} IS ail additive subgruop of M'^ and since the 
projection p is a group homomorphism, we have that Ap = {mi/i +777-2/2 + 
I "^j £ fj = Pi^j) 3 = li2,3} is a free abelian group with three 
generators. 

Let K = 1, f2i • • • , fn) be an oriented cubic knot in R^. By applying a 
translation if necessary, we can assume that K is contained in the positive 
octant of M'^, that is, that all the coordinates of points in K are positive. Let 
K = p{K) be its projection into the plane P. Thus K is & polygonal curve 
contained in P with some self-intersections in 5 = p{S). Notice that the 
self-intersections are not contained in Ap and by Lemma [5.4[ are transverse. 
This implies that the projection p is regular. The projections of the vertices 
of K are contained in Ap, and are called vertices of K. The straight line 
segments joining them are projections of unit edges. The self-intersections 
of K are called inessential vertices. 

By the above, we can write as a cyclic permutation of points [wi,W2, 
. . . , Wn) where Wi ^ hp, Wi ^ Wj 1 < i,j < n + 1 and Wi is joined to ij^j+i by 
a straight line segment whose preimage is a unit edge, where Wn+i is taken 
to mean wi (compare the cubic knot case). In general. 

Definition 5.7. An oriented discrete knot K is the equivalence class of the 
77 cyclic permutations of ?7 points {wi,W2, ■ ■ ■ ,Wn) in Ap C P such that 
Wi+i -Wi = ±fj, j e {1, 2, 3} and wi - Wn = ±fj- 

As in the cubic knot case, we use an alternative description of K as 
anchored cyclic permutation of directions {t^i, (/i, . . . , /«)}• 

Definition 5.8. An inessential vertex (or crossing) c of ii' is given by c = 
vukWk+i n WjWj+i for Wk,Wk+i,Wj.Wj+i £ K. 

Now, we will describe inessential vertices of K. For this purpose, let us 
consider an orthonormal basis of the plane P, /3 = {^(vr, — 1, 0), -^(vr^, vr^, — 1- 
vr^)} where A = -v/^r^ + 1 and B = \/2'k'^ + 27r^ + vr^ + 1. Now consider four 
points Wi-^ , Wi^ , TDjg and Wi^ G K whose coordinates in /3 are Wi^ = {xj , yj). 
We will establish a criteria to know when the line segment Wi^Wi^ intersects 
the line segment Wi^Wj^. 

Lemma 5.9. Let Wi^, Wi^, Wi^ and Wi^ G K, whose coordinates are Wi- = 
{xj , 7/j). LetUr^s = Wi^—Wi^ and consider the 2x2 matrices, A = [772,3 7i4,3], 
B = [7*1,3 ^4,3]; C = [u3,i 7i2,i] and D = [7x4,1 ■^^2,1]- Then the line segment 
Wi^Wj^ intersects the line segment Wi^Wil if and only if det(j4) det(-B) < 



and det(C) det(Z?) < (see Figure 21) 
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Proof. See chapter 33 sections 1 and 2 in [2]. □ 




Figure 27: Criteria de crossing points. 



Remark 5.10. While applying Lemma 5.9 one needs to consider only the 
quadruples of points where ^2 = ii + 1 and = 13 + 1. 



Suppose that the line segment li^2 = WhWi^ intersects the line segment 
h,A = Wi^WiA- The next step is to determine which crosses "over" the other. 
Let Wi, UJj+i, Wj and Wj+i be vertices such that the line segments WjW^Ii 
and WjWj+i intersect. That is, there is a crossing point between them. The 
line segments WiWi+i and Wjjwj+i are the image under the projection p of 
two edges of the cubulation which are part of K, and whose end points are 
Vi, Vi+i and Vj, vj+i respectively. We will say li^2 crosses over ^3^4 if the 
edges VjVj+i is closer to P than ViVi+i, and we will say it is an overcrossing. 
In the opposite case we will say it is an under crossing. 

These edges are parallel to two different canonical coordinate vectors. 
Let Cs be the third coordinate vector. If we consider the projection onto the 
s-th coordinate, then iTsivi) = TTs{vi+i) = M and iTs{vj) = TTs{vj+i) = R. 
Observe that M and R cannot be equal since this would mean that the 
edges belong to the same plane, parallel to a coordinate plane, and on these 
planes the projection is injective. 



We claim that the crossing point is an undercrossing if and only if 
M < R. (Recall we are assuming K is in the first quadrant.) Consider 
the following family of planes V: each plane in V is parallel to the coor- 
dinate plane whose s-th coordinate is equal to zero, and is therefore of the 
form Pc = {{xi,X2,X3) : Xg = c}. We consider the planes of this form where 
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c G Z. Then the edge fifj+i is contained in Pm and the edge f jfj+i is con- 
tained in Pfj. Now, any Hne normal to P intersects Pm before it intersects 
Pr if and only if M < i?. □ 

Suppose that c is a crossing point of the segment Ij = Wj^iWj over the 
segment /j = Wi+iWi. Consider the vectors Uj = Wj+i — Wi, uj = wj+i — Wj 
and construct the 2 x 2-matrix M = [uj Ui], we have two possible configu- 
rations. If det(M) > 0, we say that c is a positive crossing. If det(M) < 0, 



c is a negative crossing (see Figure 28 ) 



positive crossing negative crossing 



Figure 28: Positive and negative crossings. 



Examples 5.11. 1. Let K be the trefoil knot. K is represented by a 

cyclic permutation of points K = (wi, ^2, • • • > "^24) (see Figure 29), 
where 

i;i = (0,0,0), 7;2 = (0,1,0), t;3 = (0,1,1), 1-4 = (0,1, 2), 

i;5 = (0,1,3), 776 = (0,0,3), t;7 = (0,-1,3), i-g = (1, -1, 3), 
i;9 = (1,-1,2), ?;io = (1,-1,1), = (1,0,1), 7;i2 = (1, 1, 1), 

?;i3 = (1,2,1), 7;i4 = (1,2,2), r;i5 = (0, 2, 2), 7;i6 = (-1, 2, 2), 

?;i7 = (-1,1,2), 7;i8 = (-1,0,2), r;i9 = (0, 0, 2), i;2o = (1, 0, 2), 

t;2i = (2,0,2), 7722 = (2,0,1), t;23 = (2,0,0), ?;24 = (1, 0, 0). 

Let /3 be an orthonormal base of the plane P given by two vectors 
ei = ^(''T, — 1,0) and 62 = ;^(7r^, vr^, — 1 — vr^); where A = a/tt^ + 1 
and B = V27r2 -f 27r4 + vr^ + 1 . The projection K oi K into P is 
represented, according to /3, by a cyclic permutation of points K = 
{wi,W2, . . . ,W24), where 
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(-1,0,2) 




(2,0,0) 



Figure 29: Cubic trefoil knot. 



wi = {0,0), W2 = {^,i), 

^3-1^, — B — J) m-[^, — B — )' 

^5 - llT' 5 ^^6 - (U, g j, 

^7-1:4, R j, m-[—, B )' 

w, = i^,-^^), u;io = (^,-4=i), 

„,, _ (n-2 2tt^-1 \ ,,, _ (n-2 2w'-^-tt^-2 \ 
^^13 - ( — , — g— j, Wi4-[ — , J j, 

„,, _ f-2 27if;^27r^\ „, _ t -iT-2 27if^;37r^\ 
W^15 - i^, B J' W^16 - (,^4— , B 

iX;23 = (^,¥)' ^24 = (5,lJ)- 

In this case, we have three crossings: the segment wqw^ over the seg- 
ment W[qWis, the segment W21W20 over the segment wuWiq and the 
segment wi2Wu over the segment wiW24- 

2. Let -fC be the figure eight knot. So K is represented by a cychc per- 



mutation of points K = {vi,V2, ■ ■ ■ , f24, ^40) (see Figure 30), where 
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Vl - 




V2 - 




V3 - 




V4^ - 




V5 -- 


= (4,3,3), 


V6 = 


= (4,4,3), 


v-j -- 


= (4,5,3), 


Vg -- 


= (4,5,2), 


Vg -- 


= (4,5,1), 


VlO 


= (4,4,1), 


V\\ 


= (4,3,1), 


V\2 


= (4,2,1), 


Vl3 


= (4,1,1), 


Vu 


= (3,1,1), 


V\'o 


= (2,1,1), 


V\% 


= (2,1,2), 


Vl7 


= (2,1,3), 


Vl8 


= (2,1,4), 


^19 


= (2,2,4), 


V2Q 


= (2,3,4), 


V21 


= (2,4,4), 


V22 


= (2,5,4), 


V23 


= (2,6,4), 


V24 


= (2,6,3), 


V25 


= (2,6,2), 


V26 


= (3,6,2), 


V27 


= (4,6,2), 


V28 


= (5,6,2), 


V29 


= (5,5,2), 


V30 


= (5,4,2), 


V3I 


= (4,4,2), 


V32 


= (3,4,2), 


V33 


= (3,4,3), 


V34: 


= (3,4,4), 


V35 


= (3,4,5), 


V36 


= (2,4,5), 


V37 


= (1,4,5), 


V38 


= (1,3,5), 


V39 


= (1,2,5), 


VAO 


= (1,2,4), 



(1,-1,1)' 



(0,0,2) (0,2,2) 



(0,0,0) 



(3,0,0) 

y (4,2,-1)^ 



(3,-1,-2) 



(2,2,2) 



(3,3,0) 



(1,4,1) 



4 



^ (1,4,-1) 
(4,4,-1) 



(3,3,-2) 



Figure 30: Cubic eight knot. 

The projection K of K into P is represented, according to /3, by a 
cyclic permutation of points K = {wi,W2, ■ ■ . , W40), where 
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^«3 = (-^ 



3+27r3 ^ 



W5 

W7 

Wg 

Wu 

Wl3 

Wl5 

Wi7 

Wig 

W2I 

W23 

W25 

W27 

W2g 

W31 

W37 

W3g 



-3+47r 

A ' 
-5+47r 



-3+7r^+57r'^ 



= ( 

= ( 


-5+An 


-l+37r2+57r3 \ 


A ' 
-3+47r 


B h 

-l+37r2+37i''' \ 


= ( 


A 

-1+Att 


B 

-l+37r^+7r3 ^ 




A 

-l+27r 


B )■' 




A 

-l+27r 


B h 
-3-7r2+7r3 




A 

-2+2n 


B ^ 
-4-27r2+27r3 \ 




A 

-4+2n 


B 

-4-27r2+247r3 n 




A 

-6 + 2TT 


B ' 

-4-27?+67r8 ^ 




A 

-6+27r 


B )■' 
-2+67r3\ 




A 

-6+4tt 


S 

-2+427r2+467r3 




A 

-5+57r 


-2+37r2+57r3\ 




A 

-4+4n 


-2+27r2+47r3 \ 




A 

-4+37r 


-3+47r3 ^ 




A 

-4+37r 


B 

-5-27r2+47r3 \ 




A 
-4+7r 


B ^' 

-5-47r^+47r3 ^ 




A ' 
-2+7r 


B J' 
-5-47r2+27r3 \ 




A ' 


B >■> 



W2 = ( 



-2+27r 
^4 = (4^! 



-3— 7r^+27r3 

-3+7i^+27i-3 ' 



Wq = 

Ws = 

Wio 

Wi2 

WU 

WW 

Wis 

W20 

U'22 

W24 

W26 

W2S 

W30 

W32 
W34: 
W3Q 
W38 
W40 



'-4+47r -3+n^+4TT-^ 



A ' 
-5+47r 

A ' 
-4+47r 

A 

-2+4-K 



A 

-l+37r 



A 
-l+27r 



A 
-1+2-K 



A 
-3+27r 



A 

-5+2n 



A 

-6+27r 



A 
-6+37r 



A 

-6+5tt 



A 
-4+57r 

A 
-4+37r 



-4+37r 



-4+27r 



A 
-3+7r 



B /' 
-2+27r^+57r3 ^ 
B J' 
-l+37r^+47r3' 
B 

-l+37r^+27r-^ ^ 
B 

-l+27r^+7r3 ^ 
B )^ 



B /' 
-4-27r^+7r-^ 
B 



B 

-4-27r^+57r^ ' 
B 



^3;:7rf+67if N 
B ^' 
-2+7r^+67r3 \ 
B 

-2+37r^+67r3 ' 
B 

-2+37r^+47r^ ^ 
B 

^2+7r^+47r^\ 
B )^ 
-4— 7r+47r3 
B ^ 

B 

-5-47r^+27r3 \ 

A ' B ^' 

-2+7r -4-37r^+27r3 \ 
A ' B ^ 



In this case, we have four crossings: the segment W2oWig over the seg- 
ment W2W1, the segment wfw^ over the segment w^^w^, the segment 
W31W3Q over the segment wuWiq, and the segment W3^w^ over the 
segment ^211^^20- 

5.2.2 Cubulated moves in P 

Let be a cubic knot and K be its projection. We will describe the "cubu- 
lated moves" for K. Notice that these moves correspond to the cubulated 
moves described in Section 5.2.2, hence we use the same term. 



Consider K = {wi,W2j ... ,Wn)- Notice that K can also be described 
as an anchored cyclic permutation of directions ... ,/n)} where 

fi = Wi-\-i — Wi, i = 1, . . . , n and fn+i = wi — Wn+i- We will call wi the 
anchor of the knot. Note that applying a cyclic permutation a to the ver- 
tices of K (or the directions of K) means that the anchor point changes to 
a{wi), where a is the corresponding permutation on {wi,W2, ... ,Wn)- 
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Now, we will describe the cubulated moves in the plane P using cycle nota- 
tion. 

1. PMl-move equivalent to the Ml or subdivision move. The oriented 
discrete knots {wi, (/i, . . . , fn)}, and 

{^^1, ( — /l, • • • , —fl, ■■■ , —fn, ■■■ , —fn)}, 

m m m m 

are equivalent, where each vector — /j appears m-times (see Figure 



24). 



2. PM2-move equivalent to the M2 or face boundary move, 
(a) The oriented discrete knots 

{''^l) {fl, ■ ■ ■ /j-l,fi,fi+l,fr"^'/*+3, • • • ,fn)} 

and {wi, {fl, ... fi-i, fi+i, /i+3, . . . , fn)} are quivalent (see Fig- 



25). 



ure 

In addition, we have: 

{wi,(fl,/2 /n-2,-fl,fn)} 

and {wi + fl, (/2, . . . , fn~2, fn)} are equivalent, and 
{wi, (fl, /2, fs, fn-i, -h)} 

and {v^^i + f2, (fl, /s, • • • , /n-2, fn)} are equivalent, 
(b) The oriented discrete knots 

{Wl,{fl, ... /i-l, fi, fi+l, /j+2, ••• , fn)} 

and {wi, {fl, . . . fi+i, fi, fi+2, ■■■ , fn)} are equivalent (see 
Figure 26). 
In addition: 

{Wl, (fl,/2 ... ,/n-l,fn)} 

and {v^^i + fl - fn, (/n, /2 • • • , /n-1, fl)} are equivalent. 
As in the discrete cubic case, we have that 
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Definition 5.12. Given two oriented discrete knots {wi, (/i, . . . , /n)} and 
{w[, (/{, ... ,/^)}, we say that they are equivalent if there exists a finite 
sequence of cubulated moves which transforms the oriented discrete knot 
{h{wi), . . . , h{fn))} into {w[, (/(, . . . , /^)}, where h is the transla- 

tion map given by h{x) = x + a, a £ P where h{wi) = w'l. 



As a consequence of Corollary 5.3 and Lemma ??, it follows that 



Corollary 5.13. Two oriented cubic knots Ki and K2 in are isotopic if 
and only if their projections, the oriented discrete knots Ki = {wi, (/i, ... , /n)} 
and K2 = {tf'i, (/{, ... , /r)} are equivalent. 



5.2.3 Fundamental group 

Let K = {wi,W2, ... ,Wn,Wn+i = wi) be an oriented discrete knot and 
ci,C2, ... ,Cr be its inessential vertices. We will compute the fundamental 
group of K, denoted by Iii[K), using the Wirtinger presentation (see [T3] . 
[7]). We will start describing the generators of Iii{K). 

Suppose that the inessential vertex Cj is the crossing point of the linear 
segment Wk~Wk~+i over the linear segment Wi^ Wi-+i. Now, we are going to 
rearrange the inessential vertices Cj according to the index ij in such a way 
that ii < 12 < • • • < ir- This allows us to describe K using the cyclic per- 
mutation (cj^ , Cjj , ... , Cj^ ) . Let 7, be the segment of K whose endpoints are 
Ci and Ci+i (where Cr+i = ci). Since there is a bijection between the set of 
segments 7^, i = 1, . . . , r and the set of generators of Ili{K), we have that 
the set of generators of Iii{K) is {ai, . . . , Ur}. 

Next, we will describe the set of relations among the generators. By the 
Wirtinger presentation, we know that for each inessential vertex Cj corre- 
sponds a relation among the three generators Oj, Oj+i and a^, where the 
index s satisfies that the segment Wk^Wk^+i is contained in 7^. Thus 

• If Cj is a positive crossing, then the relation is a^aj = aj+iOs. 

• If Cj is a negative crossing, then the relation is ajas = a^aj+i- 



5.2.4 Seifert surface 

We now want to look at the case of Seifert surfaces, developed in [H]. 
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Seifert Theorem: Given an arbitrary oriented knot (or link) K, then there 
exists in an orientable, connected surface, F, that has as its boundary K. 



To construct F the Seifert algorithm uses an oriented diagram of K. Suppose 
the diagram has r crossings. Then we will generate (possibly overlapping) 
disks by resolving the crossings, i.e., replacing the crossing by two disjoint 
arcs that respect the orientation (see Figure 31). We are left with a collec- 
tion of s simple closed curves called Seifert curves. Now we can consider 
each one of these closed curves to be a boundary of a disk, and the disks 
can be connected at each crossing by a twisted band, such that the twist in 
the band corresponds to the crossing (so we need r bands). We thus obtain 
a Seifert surface F for the knot. The genus of F is (^~^+'') ^ xhe Seifert 
genus of a knot is the minimal genus possible for a Seifert surface of that 
knot. (For more details see [13], [7]). 




Figure 31: Resolving a crossing of a diagram of K. 

We go back to our construction. Let K = {wi,W2, ... ,Wn,) be an 
oriented discrete knot and ci,C2, ... ,Cr be its inessential vertices, where 
a = WjWj+i n WkWk+i- Let A = {{wj,Wj+i), {wk,Wk+i) \ i = 1, . . . ,r}. We 
define a permutation 

a : {wi,W2, . ■ . ,Wn) iwi,W2, . ■ . ,Wn) 

according to the splicing process. In other words, the vertex wi is sent to 
wi+i if (wijWi+i) A. Otherwise {{wi,uji+i) G A), there exists an inessen- 
tial vertex Cj and a pair {wk,Wk+i) such that q = vuiwi^i n vJkWk+i, then 
vui is sent to the vertex Wk+i- 

This permutation can be expressed as a product of disjoint cycles, where 
each cycle represents a Seifert curve. Summarizing we have the following: 
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Theorem 5.14. Let K be a cubic knot in and K = {wi,W2, ■ ■ ■ jWn, ) 
be its projection. Let a : {101,11)2, ■ ■ ■ ,Wn) {11)1,102, ■ ■ ■ ,Wn) be the above 
permutation. Suppose that a can be expressed as the product of s disjoint 
cycles, then the number of Seifert curves of K is s. 

Remark 5.15. By the above, we can compute the genus g of the Seifert 
surface F, since it can be obtained from the formula g = ^— discussed 
above, where s is the number of Seifert curves and r is the number of inessen- 
tial vertices. 



5.2.5 The Alexander polynomial 

J.W. Alexander defined a polynomial invariant of an oriented knot (subse- 
quently called the Alexander polynomial) in [IJ. To calculate it, one must 
look at the (oriented) diagram of a knot. Assume the diagram has no trivial 
loops, and r crossings. In the case where there are no trivial loops, the dia- 
gram divides the plane into r + 2 regions. We create an r x (r + 2) incidence 
matrix (where the rows represent the r crossings and the columns represents 
the r + 2 regions, of course). For entry {ci,rj) of the matrix, we will set it 
equal to if crossing q is not adjacent to region rj. Otherwise, we must set 
it equal to a value in {±1, ±t}, depending on the relationship of the region 
to the incoming undercrossing. If rj is on the left and before undercrossing 
we enter —t, if on the left and after it, t, if it is on the right and before 
undercrossing we enter 1, and in the last case —1. We now make our matrix 
an r X r matrix by removing any two columns corresponding to two adjacent 
regions. We obtain a polynomial by calculating the determinant of this ma- 
trix. Of course, we have an ambiguity, since depending on which 2 columns 
we chose to remove, the polynomial may differ by a factor of itt". So we 
must then divide by the largest possible power of t. Finally, we multiply by 
— 1 if the constant term is negative. The result is the Alexander polynomial. 

Let K = {wi,W2, ... , tfn, ) be an oriented discrete knot and ci, C2, ... ,Cr 
be its inessential vertices. We will assume that K does not contain any loops, 
after applying cubulated moves if necessary. We will describe the regions of 
the knot diagram in terms of the vertices wi,W2, ... , Wn- 



.J — Wi-Wi-^i n vukjWkj+i- We associate to each Cj the 



Remember that c 
set Sj in the following way (see Figure 28 ) 



• If Cj is a negative crossing, then Sj = {{wi^,Wk^j^i), {wk^+i,Wi.+i), 



{Wij + l,Wk,), {Wk^,Wi^)}. 
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• If Cj is a positive crossing, then Sj = {(wj^+i, tf^^+i), {wk^+i,Wi.), 
{mj,Wkj), {wkj,Wi.+i)}. 

Let S = Wj^iSj. We define the permutation t : S ^ S as follows: 

T{wx,Wy) = {w^(^y-^,Wz) where (p{y) is the smallest integer greater or equal 
to y such that {w^(^y^,Wz) & S \ Sj. 

This permutation can be expressed as a product of disjoint cycles. Ob- 
serve that each cycle determines a circle given by the concatenation of the 
corresponding vertices where each vertex is taken once. Then there exists 
a natural bijection between these circles and the regions of the knot dia- 
gram. Hence we can compute the Alexander polynomial applying the above 
procedure. 
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